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1. INTRODUCTION

Let Q be an unbounded open subset of R”, n = 2. We study nonnegative solutions of the problem

iw(x,u) 9’
Y 0x,0x

ij=1

+b(x,u)|Dul* = f(x,u) in  Q (1.1)

Ulyg =0, (1.2)

where D = (d Xy e 8X”) is the gradient operator, b and f are nonnegative functions, ¢, > 0 is a real num-
ber, and the coefficients of the highest derivatives satisfy the condition

Zaij(x, nEE, >0

i,j=l

forall x = (xy, ..., x,) € Q, 1€ (0,),and § = §,, ..., §,) € R"\{0}. Assume also that

fx,0> p(IXI)g(t)z la; (x,0)] + b(x, 1) (x| (X)) A2) (1.3)
i,j=1
for all x € Q and 7€ (0,00), where p :[0,00) — [0,o0) is a locally bounded measurable function and
g :(0,00) > (0,00) and 4 : (0,00) — (0,0) are continuous functions.
A function u 2> 0 is said to be a nonnegative solution of problem (1.1), (1.2) ifue C 2(Q) N C(ﬁ) and

relations (1.1), (1.2) hold in the classical sense (see [1]). In the case of Q = R", condition (1.2) is assumed
to hold.
For every ¢ : (0,0) — R and a real number ¢ > 1 we define
Os(r) = inf @.
(r/oc,or)

We are interested in conditions guaranteeing the triviality of any nonnegative solution of problem (1.1),
(1.2) which are also known as blow-up conditions. Similar issues for nonlinearities of the Emden—Fowler
type were considered in [2—14]. The case of general nonlinearity for equations and inequalities that do not
involve lower order derivatives was studied in [15—20]. For inequalities with general nonlinearity and
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454 KON’KOV

lower order derivatives, sufficient blow-up conditions were obtained in [21, 22]. However, the dependence
of coefficients of the differential operator on the function u# was not taken into account in [21, 22]. More-
over, additional requirements were imposed in [22] on the growth of coefficients of lower order derivatives.
Thus, results of these works cannot be applied to certain inequalities, specifically, to those presented in
Examples 2.1—2.3 (see below).

2. MAIN RESULTS
Theorem 2.1. Let

[(on ™t <,

1

j he /4 (tdt < oo,
1

oo

Irpﬁ(r)dr < oo,
1

where 0 > 1 and 6 > 1 are real numbers. Then any nonnegative solution of problem (1.1), (1.2) vanishes iden-
tically.

Example 2.1. Consider the inequality
Au+Beou* [Dul* > p(x)u*  in R”, (2.1)
where B : Q — [0,e0) and p : Q — (0, ) are locally bounded functions satisfying the relations
B(x) <Bo x| and p(x)=p,lx/', Bopo = const >0, (2.2)

for all x in a neighborhood of infinity. As before, we assume that o, > 0, while u, A, k£, and / can be arbi-
trary real numbers.

/

Let g(r) = ¢ * and () = ™. Then condition (1.3) holds for a locally bounded measurable function
p :[0,00) — [0, 0) such that

) ~ pmintC-R/oLn F —> oo, (2.3)
4

i.e.,

Clrmin((/—k)/(x—l,l min{(/—k)/o—1,/}

< p(r) < cyr
for all rin a neighborhood of infinity, where ¢, > 0 and ¢, > 0 are constants. By Theorem 2.1, if
A > max{l, o + W} 2.4
and
min{/—-k+o,/+2} 20, 2.5)

then any nonnegative solution of inequality (2.1) is identically zero.

Conditions (2.4) and (2.5) are sharp. Specifically, it can be shown that, if (2.4) is not satisfied, then
inequality (2.1) has a positive solution for any locally bounded functions B:Q — [0,o0) and
p : Q — (0,00). In turn, if condition (2.5) is not satisfied, then there are locally bounded measurable func-
tions B : Q — [0,00) and p : Q — (0, o) such that relations (2.2) hold and (2.1) has a positive solution.

Example 2.2. Let the locally bounded functions § : Q — [0,0) and p : Q — (0,0) in (2.1) satisfy the
inequalities

B(x) < B, |x|k In’|x| and p(x)2p, |x|[ In"|x|, By, po = const >0,
for all x from a neighborhood of infinity, where k, s, /, and m are real numbers and
min{/—-k+o,/+2}=0.

In other words, we consider the case of critical exponents / and k in condition (2.5).
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BLOW-UP OF SOLUTIONS FOR A CLASS 455

Following the preceding example, let g(¢) = t* and h(@) = 7 Tt s easy to see that (1.3) holds for a
locally bounded measurable function p : [0,e0) — [0, ) such that

p(r) ~ r2In"r as r— oo,

where
m, I+2<l-k+aq,
Y=<smin{(m—-s)/o,m}, [+2=I[1-k+aq,
(m—-ys)/0, [+2>1-k+o0.
Thus, by Theorem 2.1, if (2.4) holds and, additionally,
Y= -1, (2.6)

then any nonnegative solution of inequality (2.1) vanishes identically.
As was said above, condition (2.4) is sharp. It can also be shown that (2.6) is sharp for n > 3.
Example 2.3. Consider the inequality
Au+ Bt |Du* = p(xyu™ In"(1+u) in R, (2.7)

where o > 0 while B: Q — [0,0) and p : Q — (0,00) are locally bounded functions satisfying (2.2).
Assume that

A =max{l,o + W},
i.e., we are interested in the case of a critical exponent A in condition (2.4).

Let g(¥) = t In"(1+¢) and A(t) = P In"(1 + 7). Then there is a locally bounded measurable function
p :[0,00) — [0,20) such that (1.3) and (2.3) hold. Thus, by Theorem 2.1, for any nonnegative solution of
inequality (2.7) to vanish identically, it is sufficient that (2.5) holds and, additionally,

2, oa+u<l,
v ><max{2,0}, o+u=1 (2.8)
o, a+u>1.

These conditions are sharp. Indeed, if (2.8) is violated, then, as can be shown, (2.7) has a positive solu-
tion for all locally bounded functions B : Q — [0,e) and p : Q — (0,c0). At the same time, if (2.5) does
not hold, then (2.7) has a positive solution for some locally bounded measurable functions 3 : Q — [0, =)
and p : Q — (0, o) satisfying relations (2.2).

3. PROOF OF THEOREM 2.1

We introduce the following notation. Let B) and S, denote the open ball and sphere in R” of radius r

centered at the point x. In the case of x = 0, we write B, and S, instead of Bﬁ) and § ,0 , respectively.

By default, we assume that u is a nonnegative solution of problem (1.1), (1.2). For every r € (0, ) such
that S, N Q # 0 let

M(r) = supu.
S,.NQ

In what follows, let 0 and ¢ be the real numbers from the conditions of Theorem 2.1. By C we denote
positive constants (possibly different) that can depend only on #, o, 0, and G.

We need several preliminary results.

Lemma 3.1 (maximum principle). Let ® be a nonempty open bounded subset of Q; v,,v, € C 2(0)) NC(®);
and, additionally,

Za,j(x u) ' +b(x u)|Dv|” Za,j(x u) 2 +b(x w|Dv,|" in o

i,j=1 i,j=l1

Vl‘aw = Vz‘am'
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456 KON’KOV

Then
vi(X) £ vy(x)

forall x € w.

Proof. We follow the standard arguments (see [1]). The only delicacy is that the nonlinear term in the
differential operator has to be taken into account. However, it can be seen that this obstacle is not essential.
To avoid unfounded assertions, we present a complete proof.

Assume the opposite, namely, let
vi(x) > v,(x)
for some x € . Define
V=V, —V,.
Since v € C(®) and ® is a compact set, there is X € ® such that

v(X)=supv > 0. (3.1)
[0]
According to the conditions of the lemma, the function v is not positive on dw; therefore, X € ®,
whence Dv(X) = 0 or, in other words, Dv(X) = Dv,(X). Thus,

Zn:w(x,u) v > 0.
Y ox,0x,|

i,j=1 U Jlx=x

After changing to the variables y = y(x) at the point X, the last inequality becomes

2
a_x;' >0,
i=1 ayi y=y(%)
SO
2
a_V >0
o2
Vi y=y(X)

for some 1 < i < n, which contradicts (3.1).
The lemma is completely proved.

Corollary 3.1. Let S, N Q # 0 for some r € (0,). Then
M(r)=supu. (3.2)

B.NQ

If, additionally, M(r) > 0, then S, " Q # @ for all ' € [r,e0) and M is a monotonically nondecreasing
continuous function on [r, cc).

Proof. It can be assumed that

supu > 0;
B.NQ

otherwise formula (3.2) is obvious. Let @ = {x € B, N Q : u(x) > 0}. By virtue of condition (1.3), we have

n a 2
25

“ +bx,w)|Dul” >0 in o
i,j=1 Xj

Therefore, (3.2) follows from Lemma 3.1, where v, = v and

v, =supu
S,.NQ
is a constant function.
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Furthermore, if M(r) >0 and S, N"Q =0 for some r' € (r,), then u vanishes on dw', where
o' ={xe B, NnQ:u(x) > 0} is a nonempty open bounded set, so we obtain a contradiction to Lemma 3.1.
The monotonicity of M follows straightforwardly from the fact that

M) = supu, r'e(r,oo). (3.3)
B,.nQ
To prove the continuity of M, we extend u to the entire space R” by setting u(x) = 0 for x € R"\Q.

According to (1.2), the new function is continuous in R"; moreover, (3.3) can be rewritten as

M) =supu, r'e(r,).
B,

Thus, we conclude that M is continuous on the interval [r, ).

The proof'is complete.

Lemma 3.2. Let 0 < 1, < r, be real numbers and M(r;) > 0. Then at least one of the following two inequal-
ities holds:

M(r,) = M(r) = C(r, —r) inf p inf g,
(rn,r) (M), M(ry))

M) — M(@r) > C(ry —r)rinf p  inf A""
(r,ry)  (M(r),M(ry))

Proof. Consider y € S, .,.,, M Q such that

_ ntn
”(y)_M( 2 )

Furthermore, let 0 < < M(r) be a real number and @ € C”(R) be a monotonically nondecreasing
function that vanishes identically on the interval (—eo,1/3] and equals unity on [1/2,e0). Let

o={xe B, ., "Q:u(x)>p}and

w(x) = k(p(wj,
n—n
where
k= min{kl,k2}’
||(P||C2([1/3,1/2])
1 2. .
k==, —nr) inf p inf g,
4 (r) (M)
and

/o

ky=(r —nr)ninf p inf A"
() (LM (ry)
It is easy to see that
" 2 - " a. =) -y,
Za,’j(X,u) a w + b(x, U)|DW|(X k(p”(|x y|) Z az](x’ u)(xlz yl)(xj - yj)
0x,;0x - Ix =y (r,— 1)
ij=

i.j=1

+ ko (Ix - yl) pRCL) - k(p.[lx - y|J 3 4o b =) )

n—n | x=y|(rn—-n rn—=n |x—y|3(r2—r1)

n—=n

i=1 i.j=1

ol
b

+b(x,u}| k <p'(|x_y|j

rn—h rh—=hn
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458 KON’KOV
whence we obtain

Za,j(x u)s a Y+ b(x,u)|Dw|” < p(|x|)g(u)Z|aU(x )| + b(x,u) (x| p(x) *h@)  in

i,j=l1 i,j=1
Let us show that

sup(u — w) = sup(u —w).
00 [0

Indeed, if (3.5) does not hold, then there is a real number € > 0 such that

sup(u —w) < sup(u —w) — €.
L) [0)

Define

v(x) = w(x) +sup(u —w) — €.

Taking into account (1.1), (1.3), and (3.4), we have

Zau(x u) + b(x,u) |Du| Zau(x u)
i,j=1 i,j=l1
Moreover, it follows from (3.6) that

”|am < V|au)'

Thus, by Lemma 3.1,
u(x) < v(x)
for all x € m or, in other words,

sup(u —w) < sup(u —w) — €.
(0] [0]

This contradiction proves (3.5).
Note that y € wand w(y) = 0. Thus,

sup(w - w) 2 u) = M (122 2 M) > .
[0]
At the same time,
sup (u—-w)s |,
B(yqu/zmam

so (3.5) implies that

sup (u—w)=>sup(u—w),

S{Qﬁn)/zmam ®

whence, in view of
Wy =k
|S(J*'z*l])/2
and
sup u < M(ry),
S(yq_m,zmau)

we obtain

M(r,) — k = sup(u —w).

®

Combining this estimate with (3.7) yields
M(ry)—M(n) 2 k.
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Thus, at least one of the following two inequalities holds:

M(r,) — M(r,) 2 C(r, — 1) inf p inf g,
(n,rn)  (WL,M(ry))

M(r,) — M(r) > C(r, — ) inf p inf A"“
(r,r)  (WL,M(ry))

Passing to the limit as @ — M (r;) — 0, we complete the proof.

Lemma 3.3. Let 0 < r; < r, be real numbers such that r, < csl/zr1 and M(ry) 2 91/2M(r1) > 0. Then at least
one of the following two inequalities is valid:

M(ry) r
I (go()0)2dt > CJ. pP(rydr, (3.8)
M(r) n
M(ry) r
j he ' (t)dt > cj rpo(F)dr. (3.9)
M) n

Proof. Let £ be the greatest positive integer satisfying the condition M(r,) = 0"’ M (r). Consider

a sequence {pi},’fzo, where p,=r, ppy=r, and p,e (n,r), i=1,..., k-1, are chosen so that
Mp;) = QmM(pH). It can be seen that
pi<pia and 07M(p) < M(p) <OM(p), i=0,... k-1

By Lemma 3.2, for any integer 0 < i < k — 1 we have at least one of the inequalities

M@P.)—M@p;)>Cp.,—p)’ inf p inf g, (3.10)
Pinpir)  (M@E)MPi11))
M) —M@p,)2Cp,, —p)p; inf p inf A" (3.11)

Pipiv1)  (MP)MPiy1))
Let =, denote the set of integers 0 < i < k —1 for which (3.10) holds, and let 2, ={0,1, ..., kK —1}\ZE,.
For any i € £/, according to (3.10), we have
1/2

M(pi+l) _M(p:) > C(p-+1 _p) inf pl/z.

inf 8 PiPi+1)
(M), M(Pi+1))

Combining this inequality with

M(p;1)
'[ (ge(t)t)*l/zdt >C M(pl+1)_M(p1)
inf g
M) (M(P).M(p;11))
yields the estimate
Mp;+1)
-1/2 . 1/2
[ (oo™ dr = o =pp inf p" (3.12)
PisPi+i
Mp;)

Similarly, for any i € Z,, taking into account (3.11), we obtain

M@..,)— M(p; i
(pf+1) (1%) > C(P; — PP, inf p,
inf h (PisPis1)
(M(p;),M(P;+1))
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whence, in view of

M@Pis1)
J‘ he—l/oc(t)dt > M(P.Hl)—M(lF/)&), (3.13)
inf h
M(p;) (MPp),M(pis1))
we have
M(Pm)
[ "= C@.i~pop; inf p. (3149
Mo PisPis1)
If
Z(p”l —-p) 2 %’ (3.15)
then, summing (3.12) over all / € Z,, we conclude that
M(ry)
[ (o ™2at = Cr, = ryinf p'”,
(r1,12)
M(r)

which straightforwardly yields (3.8).
On the other hand, if (3.15) does not hold, then

P —r
Z(pm —p) 22—
€2, 2
Thus, summing (3.14) over all i € E,, we obtain
M(ry)

j 1y *(t)dt > C(r, — R)r inf p,
M) (r1,12)
whence, in turn, (3.9) follows.

The proofis completed.

Lemma 3.4. Let 0 < r; < r, be real numbers such that r, > 6"*r, and 0 < M(r,) < 0">M(r,). Then

M(ry)

dt
M(ﬁ)g@(f)

>C I rps(r)dr (3.16)

or (3.9) is valid.

(k+1)/4

Proof. Let k be a positive integer such that r, > 6’4 and r, <o rn. Let p; =c"*n for

i=0,...,k—1,and p, = r,. Itis easy to see that

6"p, <pi<06p, i=0,... k-1 (3.17)

By Lemma 3.2, for any integer 0 < i/ < k£ —1 at least one of inequalities (3.10), (3.11) is valid. As in the
preceding lemma, let =, denote the set of integers 0 <7 < k —1 for which (3.10) holds, and let
=, ={0,1,..., k —1}\ZE,.

For any i € &, it follows from (3.10) and (3.17) that
M@, — M@, .
(Ps21) ®.) 2 C(p —pip; inf p.

inf i4 Pipi+1)
(M), M(p;11))
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Combining this inequality with the obvious estimates

M1

J’ dar M) —Mp,)

g inf =~ g
M(p;) (M@P),MP;is1))

and

Pi+1

(P = PP, inf p2C [ rpg(rdr, (3.18)
Pi

(Pispis1)

we derive
j _dt_>¢ j rpg(r)dr. (3.19)
Pi

Similarly, ifie =,, then, according to (3.11), we have

M@i) - M(ﬁ;) 2 C(p;s1 —pip; inf p.
inf & Gupinn)
MP)M(Ppis1))
By (3.13) and (3.18), this yields
M) Pi+1
j e/ (t)dt = cj rpo(F)dr. (3.20)
Mp;) pi
Assume that
Pi+1 n
> | rpatrr = % [ roorar. (3.21)
€21 p; n

Then, summing (3.19) over all / € =Z,, we obtain inequality (3.16). If (3.21) does not hold, then

Pi+t r

z I rps(r)dr = %J.rpc(r)dr.

€5y p; 1

Thus, summing (3.20) over all i € Z,, we arrive at (3.9).

The proofis completed.
Lemma 3.5. LetO <x < 1,u>1,v>1, M, >0, and M, > 0 be real numbers and M, > vM,. Then
M, 1/ M,
J‘ —x x—1 ds
Y, (s)s™ ds >A| —
o o VO

Jor any measurable function \y : (0,00) — (0,00) such that \y,(s) > 0 for all s € (0,), where A > 0 is a con-
stant depending only on |\, v, and .

Lemma 3.6. Ler0 <x <1,u>1,v>1,n>0,andr, >0 be real numbers and r, > vr,. Then
n 1/x n
I o*(dr| =4 j P, (r)dr

Jfor any measurable function ¢ : |1, r,] — [0,0), where A > 0 is a constant depending only on |, v, and x.
Lemmas 3.5 and 3.6 were proved in [16, Lemmas 2.3 and 2.6].

COMPUTATIONAL MATHEMATICS AND MATHEMATICAL PHYSICS Vol. 57 No.3 2017

www.manaraa.com



462 KON’KOV

Proof of Theorem 2.1. Assume the opposite, i.e., M(r,) > 0 for some real number 7, > 0, and let

r, = G[/zro, i=12 .... By Lemmas 3.3 and 3.4, for any nonnegative integer / at least one of the following

three inequalities is valid:
M(ri41)
[ (o™ ar=c j Pirr,
M(r;) n

M(r;y) Tis1

J. % > Cj rps(rydr,
M(r) o 1i
M(r;41) Tixl

j he_l/a(t)dt > Cj rps(r)dr.

M) i

(3.22)

(3.23)

(3.24)

Let £, E,, and E, denote the sets of nonnegative integers satisfying (3.22)—(3.24), respectively.

Summing (3.22) over all i € E, yields

Tis1

j (go) dr 2 CY [ pRrydr.

M(ry) €5y p,
Combining this with the estimate

2

2 I pR(r | 2 Z I pRr| 2¢Y I "Pa(r)dr

which follows from Lemma 3.6, we conclude that

2

Fit1

j (got0)dt | 2CY [ rpg(rdr.

M(ry) €5 p,
Summing (3.23) over all i € =, yields

fit1

——2C Z I rps(r)dr.
At the same time, by Lemma 3.5,

2

o

j (o) 2dt | = C ﬁ;
M(ry) M(ry) o
therefore,

2

741

j (go) Zdt | 2 CY [ rpq(riar.

M(ry) €8 p,

In an entirely similar manner, (3.24) implies the inequality

Tisl

j he"“(H)dt > CZI rpo(F)dr.

M(ry) €& p,
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Combining it with (3.25) and (3.26), we have
2

j (g0t "2at | + j hg"“(r)drzcj rpo(r)dr,

M(ry) M(ry) ry

which contradicts the conditions of the theorem.

The proof'is completed.
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